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Abstract
In this work we give an extension of the Ruscheweyh and Stankiewicz theorem [S. Ruscheweyh, J. Stankiewicz,
Subordination under convex univalent functions, Bull. Polish Acad. Sci. Math. 33 (1985) 499–502] on the
subordination under convex functions in the unit disc ∆ = {z : |z| < 1}. We prove that if f ≺ F ∈ coK and
g ≺ G ∈ coK, then f  g ≺ F  G where ≺ denotes the subordination,  denotes the Hadamard product and coK
is the closed convex hull of the class of convex functions.
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Let A denote the set of analytic functions f in the unit disc ∆. We say that f ∈ A is subordinate to
F ∈ A in ∆, and we write f ≺ F if and only if f (z) = F(ω(z)), z ∈ ∆, for some analytic function ω
with ω(0) = 0 and |ω(z)| < 1 for |z| < 1. Recall that if
f (z) =
∞∑
n=0
anz
n, g(z) =
∞∑
n=0
bnzn, z ∈ ∆,
then the convolution (or Hadamard product) of f and g, denoted by f  g, is
( f  g)(z) =
∞∑
n=0
anbnzn, z ∈ ∆.
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Wilf conjectured in [4] that if F, G are univalent functions, mapping ∆ onto the convex sets, and
f ≺ F , then f  G ≺ F  G. This conjecture was proved by Ruscheweyh and Sheil-Small in [2]. The
following generalization of Wilf’s conjecture was obtained by Ruscheweyh and Stankiewicz in [3].
Theorem A. Let F and G be univalent and map ∆ onto the convex sets. If f ≺ F and g ≺ G, then
f  g ≺ F  G.
In the present note we consider the usual class K ⊂ N = { f ∈ A: f (0) = 0, f ′(0) = 1} of convex,
univalent and normalized analytic functions. We use the notation coK for the closed convex hull of K
(in the topology of local uniform convergence in ∆). It is known [1] that
coK =
{∫
|ε|=1
z
1 − εz dµ(ε): µ is probability measure on |ε| = 1
}
.
The main result of this work is the following generalization of Theorem A.
Theorem 1. Let F and G be in coK. If f ≺ F and g ≺ G, then f  g ≺ F  G.
We start with a simple lemma.
Lemma 1. Let |ω1(z)| < 1, |ω2(z)| < 1 for |z| < 1 and ω1(0) = ω2(0) = 0. If |x | = |y| = 1, then
ω1(z)
1 − xω1(z) 
ω2(z)
1 − yω2(z) ≺
z
1 − x yz , (1)
Proof of Lemma 1. We have
ω1(z)
1 − xω1(z) ≺
z
1 − xz ∈ K and
ω2(z)
1 − yω2(z) ≺
z
1 − yz ∈ K.
Hence, by Theorem A, (1) follows. 
Proof of Theorem 1. Let F and G be in coK and have the integral representations
F(z) =
∫
|x |=1
z
1 − xz dµ1(x), G(z) =
∫
|y|=1
z
1 − yz dµ2(y).
If f ≺ F and g ≺ G, then there are functions ω1, ω2 satisfying the assumption of Lemma 1 such that
f (z) = F(ω1(z)), g(z) = G(ω2(z)). Since the convolution is continuous and distributive over addition,
using Lemma 1, we have
( f  g)(z) =
∫
|x |=1
ω1(z)
1 − xω1(z)dµ1(x) 
∫
|y|=1
ω2(z)
1 − yω2(z)dµ2(y)
=
∫
T
ω1(z)
1 − xω1(z) 
ω2(z)
1 − yω2(z)d(µ1(x) × µ2(y))
≺
∫
T
z
1 − x yz d(µ1(x) × µ2(y))
= (F  G)(z),
where T = {|x | = 1} × {|y| = 1} is the torus. 
Theorem A has found a number of applications. Some of them remain true if we replaceK by coK [3].
Now we give an application of Theorem 1.
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Theorem 2. Let F(z) ∈ coK and
F(z) =
∞∑
n=1
Anzn, f (z) =
∞∑
n=1
anz
n ≺ F(z), z ∈ ∆.
Then we have
(i)
∞∑
k=1
a2k−1z2k−1 ≺
∞∑
k=1
A2k−1z2k−1, z ∈ ∆,
(ii)
∞∑
k=1
a2k z
2k ≺ F(z), z ∈ ∆.
Proof. Relation (i) we obtain by Theorem 1 with
g(z) = G(z) = z
1 − z2 ∈ coK,
and (ii) with
g(z) = z
2
1 − z2 ≺
z
1 − z = G(z) ∈ coK.
It is known [1] that Fε is an extreme point of coK if and only if
Fε(z) = z1 − εz , |ε| = 1, z ∈ ∆.
The function
hn(z) = z1 − zn =
1
n
n∑
k=1
z
1 − εk z , ε
n
k = 1, n = 0, 1, 2, . . . , z ∈ ∆,
belongs to coK because it is a convex combination of the functions Fεk . When we choose g(z) = G(z) =
hn(z), n > 2, we can obtain other subordinations of type (i). 
A function f ∈ N is said to be starlike of order α if, and only if, for all z ∈ ∆
Re
z f ′(z)
f (z) > α, α ∈ [0, 1).
The set of all such functions is denoted by S(α). It is known that if f ∈ S(α) then
f (z)
z
≺ 1
(1 − z)2(1−α) , z ∈ ∆.
Since
coK =
{
f ∈ N : f (z)
z
≺ 1
1 − z , z ∈ ∆
}
=
{
f ∈ N : Re f (z)
z
>
1
2
, z ∈ ∆
}
,
then S(α) ⊂ coK for α ∈ [12 , 1) and we have the following result.
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Corollary. Let α ∈ [12 , 1). If F, G ∈ S(α) and f ≺ F and g ≺ G, then f  g ≺ F  G.
Finally, let us mention that excepting S(α), α ∈ [12 , 1), the several other classes of normalized
univalent functions are subsets of coK. We mention in particular the starlike functions (starlike of
order 0) for which f ′′(0) = 0 and the functions which are both typically real and convex in the direction
of the imaginary axis. For such classes a result similar to the above Corollary can be obtained.
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